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Abstract 

A 1-parameter variation of Hodge structures corresponds to a holomorphic, horizontal, 
locally liftable map into a classifying space of Hodge structures. In this paper it is shown 
that such a map has a limit in the reductive Borel-Serre compactification of the classifying 
space. The boundary component in which the limit lies is a union over possible polariza- 
tions of classifying spaces of Hodge structures on the primitive parts. It is discussed which 
boundary components can contain such limit points. 

1. Introduction 

It is an interesting problem to construct and study compactifications of the classifying spaces 
of Hodge structures analogous to those known for hermitian locally symmetric spaces. Griffiths 
([Grf70], §9) posed this question in 1970 for the Bailey-Borel compactification. One hopes that such 
compactifications will enable one to better understand the degeneration of Hodge structures. The 
first results were obtained by Cattani and Kaplan for Hodge structures of weight 2 in [CK77] (see 
also [U95]). Usui and Kato outlined results on Mumford compactifications in [KU00] . A relatively 
simple compactification for hermitian locally symmetric spaces is the reductive Borel-Serre com- 
pactification. In [BJ01] Borel and Ji showed how to extend the construction to more general locally 
homogeneous spaces, in particular to the classifying spaces of Hodge structures (see also [KU02]). 

Suppose that T\D is such a classifying space, and that T\D RBS is its reductive Borel-Serre 
compactification. Let T C C be the unit disc, T* = T\ {0}, and 

$ : T* -> T\D 

a holomorphic, horizontal, locally liftable map, i.e. 3> corresponds to a 1-parameter variation of 
Hodge structures. Our first result is to show that <3? extends continuously to 

$ : T -» T\D RBS . 

Now the monodromy of defines the weight filtration W . Let Q be the (rational) parabolic group 
of automorphisms of D preserving W. Associated to Q is a boundary component (r n Q)\Dq of 
F\D . The limit $(0) lies in it. And we describe Dq in terms of Q and of the limit Hodge 
filtration. Lastly, the tangent bundle of D has a distinguished subbundle, the horizontal subbundle. 
Since $' takes its values in this subbundle one can ask which boundary components of F\D RBS a 
map $ can meet. 

Let G denote the automorphism group of D, and Qu its Lie algebra. In §2 basic definitions and 
notation are reviewed. In §3 we introduce a grading on the roots of 0c • I n §4 we use this to show 
that there exists a maximal set of strongly orthogonal roots. We can then construct a maximally 
non-compact Cartan subalgebra of 0r, and the corresponding Cayley transform. In §5 we recall basic 
results about parabolic subalgebras and representations of sl(2) and relate the Cayley transform 
of a representation to that of §4. In §6 we discuss the construction of the reductive Borel-Serre 
partial compactification D RBS . We can then prove in §7 that a 1-parameter variation <3? of Hodge 
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structures extends in D RBS . We discuss the type of boundary components it can meet. Lastly, in 
§8 we show that the boundary component which <3? meets, fibres over a space of polarizations. The 
fibres are spaces of polarized Hodge structures on the primitive parts of Gr w . 



2. Basic Definitions 

Let H be a finite dimensional complex vector space, with a real form and a lattice Hz C H^, 
and let m be a positive integer. Let S be a non-degenerate bilinear form on H, defined over Q, which 
is symmetric if m is even, and skew-symmetric if m is odd. And let G be the group of symmetries 
O(S) of S. So G is a semi-simple linear algebraic group defined over Q. 
For ^ p ^ m, let h p ' m ~ p be non-negative integers such that 

m 

h m~P, P = h P, m - P j dimc H = Y^ h p ' m ~ p . 

p=0 

Then let D be the set of nitrations 

H = F° D ■ ■ ■ D F m 

of H satisfying 

dimF p = J2 hq ' m ~ q . 

q^p 

and the condition: 



S(F p , F rn - p+l ) = , < p < m . (1) 

Thus D is a complex subvariety defined over Q of a product of Grassmannians. The group G(C) 
acts transitively on D. Therefore D is a smooth projective variety. 
Define the Weil operator 

C :H ->H 

by 

Cv = i p - q v , v G H p ' q := F p Pi F g . 
Let D be the open submanifold of D consisting of nitrations which satisfy 

S(Cv,v)>0, v^O. (2) 

The space D is called a classifying space for polarized Hodge structures of weight m on H. The 
group of real points of G, 

G(I)={ 5 eG(C)| 9 (F«)c5 R } , 

preserves condition (2) and thus is a group of automorphisms of D. It acts transitively on D. Choose 
a base-point xo € D, corresponding to a Hodge filtration {Fq } or {H™} . Then let B C G(C) 
denote the isotropy group of xq, so that 

D ^ G(C)/B , 



and B is parabolic. Furthermore, 
is compact ([Sch73] 3.7) and 



V := G(R) n B 

D ^ G(M)/V . 
2 
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Lastly, the arithmetic subgroup 

r = G(Z) = {g G G(C) | g{H z ) C H z } 

acts properly discontinuously on D ([Sch73], 3.8). 
Let 0c denote the Lie algebra of G(C), and let 

0R = {X G Qc | XHr C Hr} ■ 

Thus 0m is a real form of 0c and is the Lie algebra of G(R). We have an induced Hodge structure 
of weight on Hom(ii~, H) and on its subspace 0c: letting 

r - r = {X G 0c | XH™ C H^~ r } , 

we have 

' = 

and 

0c = e r r, " r • 

Furthermore, 

Let ) be the form 

B(X,Y) =trXY , X,YG0 C , 
on 0c- According to [Sch73], 8.8, —B(,) polarizes this Hodge structure. The Weil operator 

11 0: 

is given by 

6{X) = {-l) r X , X G r '" r . 

Thus 

: =-B(ex,y) 

defines a Hermitian inner product on (loc. sit. 8.9). In fact, with the above grading 0c carries a 
Hodge structure of weight polarized by this inner product. If we pick another point x\ G D, and 
any g G G(R) such that gxo = x±, then Adg is a morphism of Hodge structures. 
The Lie algebras of B and V are 

b = 0r>O0 r '~ r , D = 0Rn0 ' 

(cf. [Sch73], 3.13, 3.14). Let 

t = ©reven0 r ' , P = ©rodd0 r ' '' j (3) 

and 

£r = 6 n 0r , pr = p n 0r . 

Then 

0R = 6r © Pk (4) 
is a Cartan decomposition of 0k (loc. sit. §8). 

Proposition 1. rko = rk0 C . 

Proof. The parabolic subalgebras b and b are opposite and 

b n b = 0°'° . 
3 
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So it follows that 

rkg ' = rkg c • 
But is a compact real form of g 0,0 . Thus 

rko =rk °'° . 

For a direct calculation, see [U95], 1.7. □ 

It will be useful to write out more explicitly the Hodge structure of weight 1 with h 1 ' = h ' 1 = 1, 
polarized by a nondegenerate skew-symmetric form S. In this case = sl(2). If we pick v 6 H 1 ' , 
with iS(v,v) = 2, then there are elements z,x + ,x_ of degree (0, 0), (— 1, 1), (1, — 1) respectively, 
which span s[(2, C): 

x + v = —iv 
x_« = iv 

z = [x+,x_] . 

With respect to the real basis { (v + v)/2, i(v — v)/2}, they have the matrices 

fO -i\ 1 (-% \\ 1 fi 1 \ 

The real form s((2,R) is spanned by 

y = * (x - " x+) = ("o 1 i) ' n+ = (! o) ' n - = (o o) • 

Lastly, we have the Cayley element 



3. Weights and Roots 

Let t be a maximal abelian subalgebra of and set 

tc = t + it C fl . 

With respect to the inner product above on 0c , elements of t and it are skew-hermitian and therefore 
semi-simple. So it follows from proposition 1 that tc is a Cartan subalgebra of 0c- Since tc C 0°'°, 
we have 

tc(H p ' m - p ) C H p > m ~ p 

and 

[tc,0 r '- r ]C0 r - r . 

Therefore H p,m ~ p decomposes into an orthogonal sum of weight spaces. For any weight e, 
dim# e = 1. If 



then 



Similarly, r ' r decomposes into an orthogonal sum of root spaces, and if 

0" C0 r 
4 
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Definition 1. A weight e (with respect to tc) of the canonical representation of 0c on H is of 
degree (p, m — p) if 



H e c H P,m- P _ 

A root a (with respect to tc) is of degree r if 

Q a C Q r >- r . 

Let $c be the set of weights with respect to tc, Ac the set of roots, and A r the roots of degree r. 
From (3), the roots of even degree are the compact roots, and those of odd degree, the non-compact 
ones. Note that if a is of degree r and [3 of degree s then if a + (3 is a root, its degree is r + s. 

Given weights e\ and £2, — ei + €2 7^ 0, of degrees (pi,m — pi), respectively (p2,m — P2), with 
Pi > P2, Pi > m/2, pick 

Vj €H e i , j = 1,2 



with 
Let 

and define X a by 



If m is odd, let 
and define X a by 



a = — ei + e 2 

A^x = (-l)w-Pi+i iu2 
A a w 2 = i«i 

X a H e = for e / ei, —62 

a = — 2ei 

A a t>i = -roi 
A aJ H" e = for e / ei . 



Proposition 2. A a G 0c an d a is a root with respect to tc- Tie degree of a is P2—P1, respectively 
m — 2p\ . 

Proof. Check that X a is skew-symmetric with respect to S, and that it is a root vector for a with 
respect to tc- □ 

Remark 1. i) In particular, if m = 2n is even, then 5 is symmetric and positive definite on H n,n . 
So is a weight on H n ' n if and only if h n ' n is odd, which holds if and only if dimiJ is odd. In 
this case — e\ is a root of degree n — p\. 

ii) If m is even, then a = —2e\ is not a root because X a is not an infinitesimal isometry. 
Theorem 1 . Every root a € Ac can be written in t£ in the form 

a = —5 + e , 

for some weights S, e G <I>c- 

5 
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Proof. Let a be a root of degree — r, and I / a root vector for a. There exists a weight 8, of 
degree (p,m-p) say, such that X(H 5 ) / 0. Pick v G H s , v / 0. So i 2p - m S>, u) > 0. Then 

Xv g i^ <5+a c HP- r < m -p+ r 

So 

< i 2 (f- r )- m ,S(Xt;, Xv) = (-l) r+1 z 2p - m 5(t»,XXt;) . 
It follows that if we set u> = Xu, then 

Xw = XXv = Xv , 

for some AgR, where (-l) r+1 A > 0. 

Now let e = 8 + a G <3?c and set /? = —8 + e G Ac- We can assume, by scaling X if necessary, 
that w = Xpv. Compute tr (XXg): 

XXpv = Xw = Xv , XXpw = (-l) r+1 w . 

Therefore 

tr(XX^) = (-l) r+1 + A, 
and (X, Xp) > 0. But if a / (3, then B° _L g' 3 . It follows that a = (3. □ 

Suppose now that we have two roots a and (3 such that a + (3 is a root. If we write them both 
in this form, the theorem implies that in the sum, two of the weights must cancel: 

Corollary 1. i) Suppose a = —Si + 82 and (3 = —e\ + €2 are roots, where 81 7^ —62, 
€\ 7^ —€2 . If a + (3 is a root, then either 8\ = —e\, 8\ = €2, 62 = ei, or 62 = —£2- 
ii) Suppose a = —81 + 62 and [3 = —2e\ are roots, where 8\ / —82- Ifa + (3 is a root then e\ = —8\ 
or ei = 82- 

Proof. Suppose a + (3 is a root. Compute [X a ,Xp]v for v G H 6 , 8 G <3?c- □ 
For any a, set 

X- a = X a . Z a = [X a , X_ Q ] . 

Then 

17 ^ J(-ir^ +1 2 if a = -e 1 + e 2 
12 if a = — 2ei . 

So if deg a is odd, defining 

ip a (z) = Z a , ip a (yi + ) = X a , v? Q (x_) = X_ Q , (6) 

gives an embedding 

ip a : s((2,C) -> flc 

which is defined over R. Let ^ a be the representation of SX(2,C) whose derivative is tp a . Set 

Y a = i(X^ a - X a ) = ip a (y) , iV Q = 99 Q (n + ), C a = ip a (c) . 
So y a , N a G Br and C Q G G(C). 



4. A Real Cartan Subalgebra 

We can now construct a maximal set of strongly orthogonal roots. This in turn gives a maximal 
split abelian subalgebra of Pr. 
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Suppose a = —Si + <5 2 is a root. Let 

(h 5 i © h~ s i © H &2 © h~ 5 ' 2 if 6 2 ± -<5i 

I if 51 © £T 51 if <5 2 = -<5i 



and let 



-Hr — # Q n i?M . 

Set 

s = rk K . 

We can compute s as follows. First consider the case where m = 2n — 1 is odd. Then 

Hm = (B e H R 2e , 

where the sum is over weights e of degree (p,m — p), p > m — p. Pick v = v e £ H e with 
S(v,v) = i m - 2p . Then 

H i 2e = {v + v,i(v -v)) , 

and 

S(v + v,i(v-v)) = 2(-l) n -f +1 . 

Therefore 

a = hP ' rn ~ P ■ 

p>m—p 

Now suppose that m = 2n is even. On the bilinear form can be written as a sum of s 
hyperbolic planes plus a definite form. To compute s, suppose ei and e 2 are weights of degree 
(pi,m — pi), respectively (p2,m — P2), withpi,p2 ^ n and pi —p2 odd. Let a = —e\ + e 2 . Then H R 
is the sum of two hyperbolic planes. Therefore 

s = min{a, b} 

where 

0= h n+2j ' n ~ 2j , b = dimH-a. 

min/2] 

Lemma 1. Suppose a, (3 € Ac, with H a n -ff' 3 = {0}. Then a and (5 are strongly orthogonal. 

Proof. If H a n H 13 = {0} then by corollary 1, a + /3 and a — (3 are not roots. □ 

It is now clear how to construct a set of s strongly orthogonal non-compact roots. First, suppose 
that m is odd. Set 

£ = {-2e I e G <3? c , deg e = (p,m - p), p > m - p} . (7) 

Then the lemma implies that the roots in S are strongly orthogonal. And from the calculation 
above, |S| = s. 

Second, suppose that m = 2n is even. Pick s disjoint pairs of weights (ei, e 2 ) of degree (p±, m— pi), 
respectively (p 2 , m — p 2 ), with pi,p2 ^ n and p\ — p 2 odd. Let 

£ = {-ei±e 2 G A c } . (8) 

Since — ei + e 2 and — ei — e 2 are strongly orthogonal, the lemma again implies that all the roots 
in S are strongly orthogonal. And |S| = s. In both cases the roots chosen are of odd degree and 
therefore non-compact. 

Label the roots in S: 71, . . . , 7«. Then for any j, fc, it follows that 

[^,y 7 J = o. 

7 
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To sum up, 

Theorem 2. The set S = {71, . . . , 7 S } is a maximal set of strongly orthogonal roots. The subalgebra 

s 

OR = R1 7 J C 

i=i 

is a maximal split abelian subalgebra of or. 

The algebra or is a real Cartan subalgebra. Let 

c4 = ^MZ Q cit. 

We have a restriction map 

res : Hom R (it,R) -> Hom R (c4,M) . 

Let Ajj = res A c \ {0}. Set 

C = J] C a . 

Then 

Ad(C)Y a = Z a , Ad(C)N a = X a , 
for a £ S. In particular, the Cayley transform Ad(C) gives an isomorphism 

Ad(C) : a R -> a R . 

If we denote by Ar the roots of or with respect to a R , then 

Ad(C)* : - Ar . 

is a bijection. Let res r denote the composition 

. res Ad(C)* 

A c ► Z\ R ► Ar . 

One can choose the basepoint xo so that there exists a Q - Cartan subalgebra 

OQ C Or . (9) 

More generally, suppose that k C R is a subfield and that C or is a Cartan subalgebra over k. 
Let denote the weights of H with respect to Ojt, and A^ the roots. Then setting 

res k = resR/ k o resR , 

we have restriction maps 

res k : $ c -> $k , res k : A c -> A k U {0} . 

The two maps are surjective. This implies that any root a G A& can be written in the form 
a = —6\ + 62, for some weights 61,62 € $V For any I, we set 

Afc = res k A l c . 

For m odd, rkg^ = rkgc- If m is even then over Q, S can be written as a sum of r hyperbolic 
planes plus a form Sq which does not represent 0, where r = rkgQ. The short roots in Aq have 
multiplicity dimi^ — 2r. All the other roots have multiplicity 1 (see [B66], 6.6, example 3). 
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5. Parabolic Subalgebras and Three-Dimensional Subalgebras 

Let ip be a representation of s((2) in g denned over Q. Set 

Y = <p(y), A = <^(n_). 

Pick a Q-Cartan subalgebra oq such that Y G oq. Let g(j) denote the eigenspace of Y with 
eigenvalue j G Z. As is well-known, the associated filtration W of 0, given by 

is determined by TV. We can define a parabolic subalgebra q by 

q = WqQ = ©^oS(j) 

(see [SS70], 4.15, [Hum95], 7.10), sometimes called the canonical parabolic subalgebra of ip or N. 
We also refer to the corresponding subgroup Q as the canonical parabolic subgroup associated with 
N. 

Alternatively, we can describe q in the following way. One can order Aq so that 

a G Aq , a(Y) < qgAJ. 
Let II C A^ be the set of simple roots, and let 

I = {a G IT | a(Y) = 0} . 
The set I determines a parabolic subalgebra q/ as follows: set 

0/ = P| ker a C aq . 

So for a G Aq, a(aj) = if and only if a(Y) = 0, and Y G 0/. Let 

a>0 

Then 

q = qz : = 3(a/) + "/ • 

Furthermore, the eigenspaces are precisely the weight spaces of the adjoint representation of 
aj on 0. If one decomposes each eigenspace q{j) into a sum of root spaces, then for j ^ the 
corresponding roots all have multiplicity 1. It is also easy to see that the eigenspaces of Y on H 
are the weight spaces for the action of a/ on H. The eigenspaces of Y give a splitting of the weight 
filtration W of on H ([Sch73], 6.4). We recall that the (complex) weighted Dynkin diagram of 
the complex conjugacy class of N is defined as follows ([CM93], §3.5): each root in the complex 
Coxeter-Dynkin diagram is assigned the weight —a(Y). This conjugacy class includes ^( n +) an d 
<p(x±). 

Conversely, given a rational parabolic subalgebra q there exists a representation ip such that 
q is the canonical subalgebra for this representation. In fact in general there will be many such 
representations. 

We also need to compare the Cayley transform of an SX(2)-orbit with the Cayley transform in 
§4. Suppose that ip is a horizontal st(2)-action, with 

X+ = v?(x+) , A_ = 9?(x_) . 

9 
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Write 

Y = J2 a « Y « 



i 



^] a a X~ a — i a aX a , 
a€E aeE 

where a a G R. Since X + € g -1,1 and X_ € fl 1 ' -1 it follows that 

X + = ^2 a aX a , X_ = ^2 a aX- a , 

and in fact, if a a 7^ we must have that dega = — 1. Furthermore, 

2X + = [[X + , X_], X + ] = ^ a„ X_ Q ], X a ] = 2 ^ a^X a . 

a£E aGE 

Therefore a„ = a a , and a Q = 0, ±1. Now if a a = — 1, then we can replace a by —a, so that 

Y = ^2 aaYa ' ° a = °' 1 • 

a 

Let 

Ey, = {a I a Q / 0} . 

Since 

a(y) = a a a(V a ) = 2a a 

by (5), this implies that — E^ C Ajt. 

The horizontal SL(2)-action if; with derivative = (p is given by 

n ^ a 

Therefore the Cayley element of 99 is 



and furthermore, 
We note that 
where 



AdV(c)Y = CY , AdV(c)N = CN . (10) 
C^Xq = 4>(oo) , J^(oo) = ip(0) , 



-1 

1 



j = m , j 

This shows directly that X + G if and only if N is a morphism of (W, V>(0)) of degree (—1, — 1). 



6. The Reductive Borel-Serre Compactification 

In this section we review the reductive Borel-Serre compactification of T\D as explained in [BJ01] 
and [BJ02]. It comes from the reductive Borel-Serre partial compactification of G. Let P C G be 
a rational parabolic subgroup with unipotent radical Up. Let Lp = Up\P be the Levi quotient. In 
Lp let Sp be the split centre over Q, and Ap the identity component over R of Sp. Lastly, if we set 

Mp = n xeX{Lp) ker X 2 , 
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where X(Lp) is the group of rational characters of hp, then we have the decomposition 

L P = ApMp 

over R. Choose a maximal compact subgroup K D V as in [Sch73], §8. Associated K is a Cartan 
involution of G. There is a unique lifting of Lp to a Levi subgroup Lp jXQ C G, defined over R, 
invariant under the involution. Denote by Ap >XQ , respectively Mp >XQ the liftings of Ap, respectively 
Mp. Then we have the Langlands decomposition of P: 

P = UpA PjX0 M PiX0 . 

Since G = PK, this gives the horospherical decomposition of G: 

G = U P x A PtX0 x M PtXQ K , 

and of D: 

D = U P x A PtX0 x Dp , 

where 

Dp = Mp^K/V M P>X JV n M P>Xo . 
From here on we omit the reference to the basepoint xq and just write Ap and Mp for the liftings. 

Suppose that A is the identity component of a maximal Q-split torus in G, with Lie algebra a. 
Let n be a system of simple roots with respect to o. For any subset / C II, let Aj be the subtorus 
of A with Lie algebra ap and Ui and Pi the unipotent, respectively parabolic, subgroup with Lie 
algebra up respectively pp 

For any parabolic P, Ap acts on Up by conjugation. Denote by A(P, Ap) the set of roots on the 
induced action of ap on up, and by H(P,Ap) the simple roots. Here a p and u p are the Lie algebras 
of Ap and Up respectively. So if P = Pj, then U(P,Ap) is just the set of restrictions of IT \ / to Ap 
For any t > 0, let 

Ap, t = {a e A P | a (log a) > t , a e U(P, A P )} . 
Then for any bounded sets U C Up, W C M P K, 

U x Ap tt x W C G 

is a Siegel set in G associated with P. 

For each rational parabolic we have the boundary face 

e(P) = M P K U P Ap\G 

of G and 

Dp = MpK/V £/pAp\G/F . 

of D. To construct the space G RBS we attach the faces e(P) to G in the following way. An unbounded 
sequence Xj = (uj,aj,rrij), Uj G ?7p, G ^4p, rrjj G e(P) converges to a point moo G e(P) if: 

i) for any a G II(P, ^4p), a(logaj) — ► oo, 

ii) rrij — >■ . 
as j — > oo. 

For a pair of parabolics Q C P, let Q' C Mp be the parabolic subgroup determined by Q. Then 

M Q , = M Q , = Ap^Q/ , U Q = U P U QI . 

So we have the decomposition 

e(P) = Uq, x x e(Q) . 
11 



John Scherk 



And e(Q) is attached at infinity to e(P) as above. Thus a topology is defined on the space 

G RBS = GU H e(P) . 

PcG 

For any point £ e(P), a neighbourhood base can be given as follows. Let W be a neighbourhood 
of moo in e(P). The rational parabolics containing P correspond to the subsets J C n(P, Ap). 

]J U P , x A P , :t x W 
J 

is a neighbourhood of in G RBS . The right V - action on G extends to a continuous action on 
G RBS . Define 

jjRBS _ qRBS ly 

The rational boundary components of D RBS are Dp = e(P)/F. The action of V on G, respectively 
D, extends continuously to G RBS , respectively D RBS . It acts properly and the quotient 

T\D RBS (iag^ 5 ) /y 

is compact and Hausdorff. 



7. Behavior at Infinity 

Let T C C denote the unit disc about 0, T* = T \ {0}. Suppose that 

$ : T* -> T\D 

is holomorphic and locally liftable, with horizontal local liftings. In this section we prove that <& 
extends continuously to a map of T into T\D RBS . 
Let T* denote the upper half plane. If 

<l : f* -> D 

is a lifting of <E>, then we have 

|>(z + 1) = j$(z) 

for some 7 £ T. Let Z be the order of the semi-simple part of 7, and let Nq be the logarithm of the 
unipotent part, so that 

V = exp(ZiVo) . 

Set 

= exp(-Z.ziVo)<l(Zz) , ^ G T* . 
Thus ^ is invariant under the translation z — > z+1, and descends to a holomorphic map ^ : T* — > D. 
According to the nilpotent orbit theorem ([Sch73], 4.9), ^ extends holomorphically to T. If we let 

Xoo = *(0) € £» , 

with corresponding filtration Foo, then 

$(z) ~ exp(z7Vo)^oo , 

as imz — > 00. In fact, Schmid shows that $ is asymptotic as z — > 00 to an SL(2 -orbit. More 
precisely, there exists a representation 

if} : SL{2) -► G 

such that 

12 
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i) i/j{SL(2,R) C G(R), 

ii) V* : 5 K^) ~* S is a morphism of Hodge structures of degree (0, 0). 

If we let I C s((2, C) be the subalgebra spanned by z and x_, then t/ijc b. The corresponding sub- 
group L C SL(2, C) is the isotropy subgroup of i. So the representation ip determines an equivariant 
horizontal holomorphic embedding 

i> : P 1 -► D , 

with 

^(5 • *) = ^(f) • x . 

This mapping is "asymptotic to $ at 00". For a precise statement, see [Sch73], 5.17, or [CKS86], 
3.25. We shall in fact only use the properties in [Sch73], 5.26. For these results to apply we choose 
the basepoint xo so that ip is defined over Q (see [Sch73] 5.19). Then 

</>*(n_) = N . 

We also choose a Q - Cartan subalgebra oq C pm. such that 

Y = ^*(y) e a Q . 

As in §5, order the roots Aq, with respect to oq, so that 

a G Aq , a(Y) < a G A+ , 

let II be the set of simple roots, and set 

I = {aeU\a(Y) =0} . 

Thus Pj is the canonical parabolic subgroup associated to ip. 
Now let 

and let U be the corresponding unipotent subgroup. If we let A be the connected abelian subgroup 
with Lie algebra oq, then 

Q = Z(A)U 

is a minimal parabolic subgroup of G. We can write 

Z(A) = AM , 

where M is anisotropic over Q. According to [Sch73], 5.26, there exist functions 

u(z) G U , a(z) G A m(z) G M , k(z) G i^T , 

defined and real analytic for imz >> 0, such that 

3>(z) = u(z)a(z)m(z)k(z)xo , 

and as imz — > 00 the limits of exp ((1/2) log(imz)Y)a(z), m(z) and /c(z) exist and are uniform 
in rez. Furthermore, 

lim exp (— log(imz)Y)a(z) = 1 , 

imz^oo 2 

lim m(z) = 1 , 

im z— >oo 

lim k(z) = 1 . 

im z— >oo 

Lastly, 

lim n(z) G . 

imz^oo 
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It follows that as imz — > oo 

foo if a g n \ I 
if a € J 



a(loga(z)) 



uniformly in rez (cf.[Sch73], p. 245). Write A = A r A', where 

A' = P| ker(a o log) C A . 
aeu\i 

and then write 

a(z) = ai{z)a'{z) , ai(z) G Ai , a'(z) G A' . 

It follows that 

lima'(;z) = 1 . 

The centralizer of Y in u is 

«' = E 

a(Y)=0 

and u decomposes into the semi-direct product: 

U = Uf © u' . 

If we denote by U' the corresponding subgroup of U, then we can write 

u(z) = ui(x)u'(z) , ui(z) G Uj , ■u'(z) € U' , 
and lim it/ (z) and \\mu'{z) exist (cf. [Sch73], p. 317). Thus 

limmj(z) := limu' (z)a (z)m(z) 

exists. So 

Mi = U'A'M , 

and 

Pj = XJiAiMi 

is the Langlands decomposition of Pi (with respect to xq). Therefore by [BJ01], §4, in Q RBS , 

lim u{z)a{z)m{z)k(z) = lim ui(z)ai(z)mi{z)k{z) 

imz^oo imz— >oo 

exists. Thus we have 

Theorem 3. In D RBS , lmiimz^oo exists and lies in the boundary component Dp I . 

The domains I? are not homogenous, in the sense that there are special directions. So one can 
ask whether for a boundary component Dp there does exist a holomorphic, horizonal map <l such 
that lmiimz^oo <&(z) lies in the boundary component Dp. 

Theorem 4. Let P be a rational parabolic subgroup. Let if) be a representation of SL(2) in G, 
defined over Q, such that P is the canonical parabolic for ip. Suppose that N = ^*(n_) can be 
written as 

N= a * N -* , 

a£A.Q 

with a a G Q. Then ip determines an SL(2)-orbit xjj with i/5(0) G Dp if and only if a G A^ 1 for all 
a with a a / 0. In particular, suppose that in the weighted Dynkin diagram of N, the roots with 
weight 2 lie in A^ 1 . Then tp is an SL{2)-orbit with $(0) G D P . 

14 
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Proof. The derivative ip* is horizontal at xo if and only if X + = ^*(x + ) G -1 ' 1 . So if 

aeAc 

then X + G g" 1 ' 1 if and only if a € A^ 1 for all a with a a / 0. But by (10) 

N + = Ad(C- 1 )X+ = a /3 Ad(C- 1 )X^ = £ a Q N a , 

/3eA c aeA Q 

where a a := ag for /3 = res^a, and 

N = Ad (J)N+ = a a N_ a . 

□ 



8. The Structure of a Boundary Component 

In this section we give a description of a boundary component, which is inspired by the calculations 
in §2 of [Her99]. First choose a basepoint x$ so that in the real Cartan subalgebra of theorem 2, 
there is a rational Cartan subalgebra <Xq. With respect to xq there is a Cartan decomposition of 
(see equation (4)). 

Let ijj be an SX(2)-orbit, defined over Q, with 

iVo = V*(n-), y = My), 

and A Q fc+1 = 0. We can assume that Y G Oq. Let VF be the weight filtration of Ao in Z/q. Then 

S(Wi,Wi/) = 0, if/ + /'<2fc. 

For any g G Z(Y), N = gN^g^ 1 also has the weight filtration VF. For such a nilpotent A, one can 
define a non-degenerate (— l) fc+ '- symmetric bilinear form Si on Gr]y +l Hq by 

S l (v,w) = S(v,N l w) , 

where v,w G Wfc+z represent {>, u; G Gr^Hq. Define the primitive subspace Pk+i(N) C Gr^^Hq) 
by 

P fe+ ,(A) = ker (A* +1 : Gr&,(#Q) - GV fc V 2 (# Q )) , 

for I ^ 0. 

We order the roots Aq as in section 5 and again set 

7 = {aGn|a(Y)=0} . 

So Q = Qi is the canonical parabolic determined by Nq. Since Or C Pr, 0/ is stable under the 
Cartan involution belonging to xq. Therefore 3(07) is the stable Levi subalgebra of q. Hence if 

Q = U Q A Q M Q 

is the Langlands decomposition with respect to xq, then ai is the Lie algebra of Aq. It follows that 
the eigenspaces of Y G a/ in are just the weight spaces of a/ or Aq. These give a splitting of W 
defined over Q. 

This splitting, or tp itself, determines a subspace Bk+i C Hq which is a lifting of Pk+u ^ ^ 0, 
together with a lifting of Si (cf. [Her99], §2). It is easy to see that 

Z(N) lBk+l = O(Sj) , 

15 



John Scherk 



where 0(S[) is the group of symmetries of Si on P k+ i(N). Furthermore, Y normalizes 3 (TV) and the 
eigenvalues of AdY on %{N) are 0. In fact Z(N) C Q (see [SS70], III, 4.10) and the Langlands 
decomposition of Q gives an analogous decomposition of Z(N), with 

Z(N)HM Q = IJo(Si) • 

^0 

If A = Ao, then Fqo = tp(0) induces a Hodge structure on B k+ i which is polarized by Si. On 
Pk+i(No) the induced filtration is the same as that from Fo = Set 

ff = dlmFP o P k+l (N ) . 

For any A, let D[(N) denote the space of all Hodge nitrations on P k+ i(N) polarized by Si with 

dimFPP k+l (N) = ff , 

for all p. Set 

Dprim(N) = Y\D t (N) . 

Theorem 5. The boundary component Dq is a fibre bundle: 

d q z(N ) n M Q \M Q /M Q n y 

with fibres D prim {N), where N = g^N g, g € Mq (cf. [CK77], §3). 

Proof. Let g^ = ^(exp(— m_)). Then • xo = a^oo) ffoo preserves VF and g^ acts trivially on 
Gr^i? (cf. [Sch73], 6.20). The filtration F^ on B k+i is stabilized by ^ooVflS, 1 - It follows that 

A(A ) = O(^)/O(^)nF. 

Therefore 

Dprtm^o) = ^(JVb) n M Q /z(A ) n f c m q /m q ny^ . 

Now if A = g^Nog, with g £ M Q C Z(Y), then 

gP k+l (N) = P k+l (N ) . 

So we have a diffeomorphism 

5* : D pr i m (N) — ► Dprim(No) . 

Then 

DprimiN) ^ D prim (N ) ^ Z(N ) n M Q /Z(N ) nv ^ {Z(N ) n Mq/Z^o))^- 1 
identifies D pr i m (N) with a fibre. □ 
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